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An analysis is made of the axially symmetric flow of a rotating inviscid incom-
pressible fluid into a point sink at sufficiently low values of the Rossby number.
Based on the experimental observations, a theoretical flow model involving a
surface of velocity discontinuity which separates the central flowing core from
the surrounding stagnant region is proposed. A family of solutions is obtained
after posing the problem as one involving a free streamline which is the line of
velocity discontinuity in the axial plane. It is found that the flow possesses a
minimum flow force as well as a minimum energy flux. Corresponding to such a
state, a uniqueintrinsic Rossby number B’ based on the properties of the flowing
core with a value of 1/,/8 is determined. A discussion is made of the flow field
development induced by a sudden start of a sink discharge. A theoretical model
involving a blocking wave propagating upstream is proposed. The speeds of
blocking waves are found to be higher than the maximum group velocity of the
infinitesimal waves for B > 0:06. On the other hand, for B < 0-08, the waves are
linear and dispersive in nature.

1. Introduction

For the major part of this paper, an axially symmetric flow of a rotating in-
viscid incompressible fluid into a point sink at the axis of rotation, as shown in
figure 1, will be considered. For values of the Rossby number B (= @/27Qb3, where
@, band Qare the flux, radius and angular velocity of the rotating cylinder, respec-
tively) greater than 0-261, a solution has been given by Long (1956). However,
when R is near this critical value there is an elongated eddy extending axially
upstream, resulting in return flow to infinity. The assumed upstream condition
is hence violated and the flow pattern is also physically unstable, so that Long’s
solution does not describe the flow with R near the critical value. In the experi-
mental investigation by Shih & Pao (1971, hereafter referred to as I), it has been
demonstrated that, when R is near and below 0-261, the flow is essentially charac-
terized by the presence of a stagnant region surrounding a core of flowing fluid.
It was observed that at a Rossby number below the critical value the flow field,
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induced by a sudden start of discharge at the sink, experiences several distinct
stages of development during the course of each experiment. During the second
stage, the flowing core tends to adjust itself such that the intrinsic Rossby num-
ber R’ (= W,/(2Q,4,), where J,, W, and Q,are the radius, axial velocity and angular
velocity of the flowing core, respectively) virtually remains at a constant
value of 0-36 for all separated flows.

Theoretical works which show the features of blocking are recent papers by
Trustrum (1964) and Kao (19654, b). Trustrum developed a technique for solv-
ing initial-value problems using an Oseen-type approximation to the nonlinear
inertial terms in the equations of motion. In particular, she solved the problem
of a stratified flow into a line sink. A blocked flow was found. Kao constructed a
free-streamline solution for stratified flows into a line sink and over obstacles at
low Froude numbers.

In this paper, based on the experimental observations in I of the second stage
of flow development, a theoretical flow model involving a surface of velocity
discontinuity is constructed. The solution is, however, not unique and a family of
solutionsis found. Nevertheless, the non-uniqueness can be resolved by a plausible
argument using the principle of minimum energy flux and flow force associated
with the blocked flow.

In the last section the blocking wave associated with the establishment of a
stagnant zone for the selective withdrawal is discussed. Since the experimentsin I
have established the overall character of the flow, a blocking flow model is now
proposed. It is hoped that the present model may at least clear the ground for
some subsequent attempt to provide a complete theory.

2. The governing equations

We shall consider axisymmetric motion only, and fixed cylindrical co-ordinates
r, 6 and z are used. With «, v and w denoting the velocity components in the direc-
tions of increasing r, & and #z, p* denoting fluid pressure and y denoting the
body-force potential, the equations governing axisymmetric motion are

Du_ o' 1dp

DT per (2.1)
Dy uw
Tt =0 (2.2)
Dw 10p
DT % (2.3)
in which 252+u£+w—3i p = p*+py.

Dt ot or oz’

The incompressibility condition may be satisfied by writing the velocity com-
ponents « and w in the form

wo Lo 1oy

r oz ror’ (2.4)
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Ficure 1. Blocking flow model in the axial plane.

where (7, 2) is the stream function. Following Batchelor (1967, p. 545) equations
(2.1)~(2.4) can be combined into one equation governing ¥:

(az 19 az)i/f JAH dC

o ror ' oz

= O (2.5)

where H = }u?+v*+uw?)+pfp, C=or, (2.6)

which are functions of y only. This is essentially the azimuthal component of the
vorticity equation.

Based upon the experimental observations we shall adopt a flow model as
shownin figure 1. The modelis characterized by asurface of velocity discontinuity.
The fluid outside the discontinuity is stagnant in the axial plane and is, hence,
not drawn into the sink. The dividing stream surface is a slipstream or a vortex
sheet along which the pressure must be continuous. Now, in region A of figure 1,
the fluid far upstream has a uniform axial velocity W, and a uniform angular
velocity Q,. Therefore, we have

;ﬁ = —-%7‘214/;, C = 729c = _(2Qc/m) 1)0’
H = 3 Wi+r2Qf = §Wi— (2QLW) .

The governing equation (2.5) for the flow in region A takes the linear form

# 1o &\, 208, 402
e LR < - 17 27)
In dimensionless form, (2.7) becomes
2 10 02 - -
S22 %\ - _ By B2 2
(3172 "7977+9§2)\F R-2Y — R-2y2, (2.8)

where § = /b, £ = 2/b, ¥ = 2¢/(b2W,) and R = W,[(2Q,b).
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F1cURE 2. Wedge zone in the theoretical model.

3. The boundary conditions

With £ measured axially from the sink and 5 measured radially from the axis,
the boundary conditions in the flow region 4 are

0 for 1=0 £>0,
‘F:{~§§ for 0 <p<a, 5:0,} (3.1)
-2 for £ =0,

where §, = §,/b is the dimensionless radius of the flowing core far upstream, and
@ = afbis the radial distance to the point where the dividing streamline meets the
line = 0.

We consider the outer region B to be stagnant in the axial plane. The equation
of motions are, therefore,

op_ " _,
or ¥’ oz ’
from which we obtain
v = f0r), (3.2)

where f(r) is an arbitrary function of r.

Now consider the wedge zone in region B as shown in figure 2. We assume
that v is continuous across r = J, far upstream, so that (3.2) gives rv = §2Q along
line ¢d in region B. By virtue of (2.6) we also have rv = §2Q, along the dividing
streamline cea. Thus, on the bounding surfaces of the wedge zone the angular
momentum rv = 62 Q, = constant. It follows that, unless the angular momentum
vr is constant throughout the wedge zone, there must exist a layer of fluid in this
wedge zone in which Rayleigh’s stability criterion d(rv)?/dr > 0 (Rayleigh 1880;
Lin 1955, p. 51) is violated. As a consequence, mixing between the layers of
different radii will result, making the angular momentum vr uniform throughout
the wedge zone (cf. Scorer 1965; Bretherton & Turner 1968). It also follows that
the swirling velocity » is continuous across the dividing streamline.

The dynamic boundary condition along the dividing streamline can be derived
from Bernoulli’s theorem. In region 4 along the dividing streamline we have,

from (2.6), L (u?+ 02+ w?) + pfp = constant. (3.3)
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In the wedge region, 4 = 0, w = 0 and the swirling motion is a potential vortex;
thus we have

1v®+ p[p = constant. (3.4)
Since the pressure p*, the body-force potential y and the swirling velocity v
are continuous across the dividing streamline, on combining (3.3) and (3.4) we
obtain bt = W
along the dividing streamline represented by yr = — 162 W,. Expressing this in
non-dimensional form we have

4. Method of solution

The technique is to introduce a fictitious sink distribution from 7 =@ ton = 1
at £ = 0 in such a way that the governing equation (2.8) can be applied to the
whole flow region. If the fictitious sink distribution ends at 7 = @ the dividing
streamline will be tangent to the line § = 0 at # = @ and will divide the flow into
two regions, one part flowing completely into the original sink and the other into
the fictitious sink distribution that has been introduced. The fictitious sinks and
their range @ must be varied until the solution satisfies the dynamic condition
(3.5) along the dividing streamline. This technique has been used successfully by
Kao (1965a, 1970) in the problem of stratified flow into a line sink.

Let the solution of this new problem be ¥'. Using the principle of superposition
we can assume that W = 4 (1—7) P, (4.1)
in which v is the percentage of the total flow field that flows into the original sink,
¥, represents flow into the original sink and ¥, represents flow into the fictitious
sink distribution.

The boundary conditions for'¥'; and ¥, are

0 for =0, 0<§ <00,
-2 for 0<7y<1, £ =0,

Yi=)_1 for 0<p<, £=o0, (4.2)
~1 for =1 0<§f<w

and

0 for =0, 0<§ <o,
0 for 0 <y <a, £=0,

Yy={—9* for 0<y<1, £ =o0, (4.3)
gln) for a<n<1, £=0,
-1 for p=1 0<§ <o,

where g(7) is the distribution function for the fictitious sink. The dividing stream-
line is represented by Ve gy 32 (4.4)
The solution ¥ satisfying all boundary conditions listed in (4.2) and (4.3) and the
dynamic boundary condition (3.5) will exhibit the dividing streamline of the
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original boundary-value problem. The region that flows into the fictitious sink
distribution is then replaced by the stagnant fluid. Solutions for ¥, and V', can
be obtained by the method of separation of variables. For ', we obtain

Wy =~ S Ayexp[— (8~ BHHE (A7), (4.5)

in which 4,, = —2/[A,J3(A,)] and A,, is the nth zero of J;(A). For ¥y, a constant
sink strength from 9 = @ to 7 = 1 is assumed.T Thus we have
g(n) = (@—9?)[(1—a?). (4.6)
With g(7) so chosen, it is then found that
Wy =—9*+7 EaneXP[~(/\%~R‘2)% E1J1(Anm), (4.7)
n=

4a  Jy(@r,)

anhIOh n = T—_a2 m

Finally we obtain
W= —rtyy B Anexp [~ (- REHE] (A1)
+(1=7)7 X Byexp[—~ (AL - EHHET,(Aun). (4:8)

The series converges uniformly for all values of £ > 0 and 0 < 9 < 1. The dimen-
sionless velocity components are

LoV y & 2 pond
l—y @ _
+=57 3 Buexp[— (M~ B2RET1(A,), (4.9)
, 202—-R-2)F . 4@ Jy(@),)(A2— Rt
where A== T BT Tm@ T AN
and
1 0¥ _ Y & ” 2 5_9\1
'é?? _;7‘ =—1 +§ nélAnexpl[_ (An—R )7 g] JO(An,'])
+-52 3 Brexp[— (- B2RET Q). (4.10)
n=1
Where A;{L — _i_ ” 46 Jl(aAn)

A T 1w B3,

T One of the referees has pointed out that the uniform sink distribution @ < 7 < 1
and the isolated sink at 7 = 0 will produce a stagnation point at some point between 0 and
@. This is true because there is a locel singularity of a logarithmic nature for the radial
velocity component at 7 = @, if the strength of the sink distribution is finite there. How-
ever, the logarithmic singularity is felt only in a small neighbourhood of the point 7 = @,
so that, by letting the uniform sink distribution to fall off to zero in a small interval near
7 = a, the singularity is easily removed and tangency at 7 = @ is assured for a sufficiently
strong sink at the origin. Our colleague, Professor T. W. Kao, has kindly provided a
proof of the above point, which is now included as an appendix here.
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Ficure 3. Deviation from the dynamic boundary condition for some computed solutions.
O ® A
R 0-27 0-50 0-50
0% 0-51 0-50 0-49
a 0-38 0-31 0-35

Since there are three parameters, v, @ and R, involved in these expressions, a
trial-and-error method is used to solve the problem. For any assumed values of
v, @ and R we first use (4.4) and (4.8) to determine the correct position of the
dividing streamline 7 = 9(§). Equations (4.9) and (4.10) then enable us to
calculate the velocity along the dividing streamline. It is seen that if a graph of
dimensionless speed against £ is plotted it can immediately be determined whether
the dynamic boundary condition (3.5) along the dividing streamline is satisfied.
Some typical results are presented in figure 3. It is found that the dynamic
boundary condition (3.5) along the dividing streamline is only satisfied approxi-
mately but the errors involved are small. Moreover, from the numerical result, it is
found that stream functions and positions of the dividing streamline are not very
sensitive to small errors in the dynamic boundary condition (3.5).f Detailed
calculations were done with the aid of the CEIR computing service and an IBM
7094 computer.

5. Flow pattern

The flow pattern of a typical solution is shown in figure 4. The solution below
the dividing streamline is the solution to the originally posed boundary-value
problem with intrinsic Rossby number R’ = R[y}, where R’ = W,[(2Q,4,).

The range of R’ for the solutions calculated is from 0-36 to 13-57. The flow
pattern for a large Rossby number is plotted in figure 5. Since for large Rossby

+ A similar situation was also found by Kao (1970) in his calculation of stratified flow.

In fact Kao has demonstrated this very convineingly by comparing his calculated solution
with a potential solution.

30 FLM 57
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Ficore 4. Theoretical flow of selective withdrawal toward a point sink on the axis
of rotation. The streamlines and the velocity profiles are in the axial plane.

number the effect of rotation is negligible, the flow pattern in figure 5 can,
therefore, be interpreted as the flow discharging into the air from a hole in the
bottom of a large tank containing liquid. The dividing stream surface is then a
free surface. The gravity effect is, however, being neglected here. It is noted that
such a flow pattern must exist at least near the point source where the velocity
is large and the gravity effect is indeed negligible.

It becomes apparent that there exists a family of solutions corresponding to a
range of values of B’. Like most inviscid fluid problems with singularities in the
flow field, the non-unigueness of the solution is a direct consequence of the singu-
larities involved. In the present case the dividing streamline, which is a vortex
sheet, is certainly a sheet of singularity.

Kao (1970), investigating the problem of the flow of a stratified fluid into a line
sink, has recently found that the free-streamline solution is indeed not unique and
has given a heuristic argument for the choice of the intrinsic Froude number for
selective withdrawal. His argument gave a unique Froude number ¥’ = 0-33
which is slightly higher than 7. Because of the strong similarities between his
problem and the present one for rotating fluids it is expected that by a similar
approach a unique solution, corresponding to a unique intrinsic Rossby number
which is slightly higher than 0-261, will be determined. No such attempt is made
at the present time. In spite of the fact that Kao’s argument is self-congistent
within the framework of steady inviscid flows, nevertheless, the unique number,
derived from his argument, seems not definitive.
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FicURE 5. Theoretical flow of discharge from a point source for a large
Rossby number, B” = 13-57, y = 0-545, @ = 0-39.

In the present case of rotating flows, the unique number derived from the
experimental study in I is R’ = 0-36, which is quite a bit higher than the value
expected from Kao’s argument. Moreover, Long’s solution (1956) shows that the
effective radius of the flowing core and its rotational speed undergo a drastic
change as the flow approaches the critical Rossby number 0-261. It is, therefore,
quite natural that the value of the intrinsic Rossby number R’ of the flowing
core may differ considerably from the value of the critical Rossby number at
which the flow begins to separate. Although a complete theory which would
predict the unique value of the intrinsic Rossby number of all separated flows
is still lacking, a consideration of the energy flux and flow force in the following
section will bring some physical significance to the unique intrinsic Rossby num-
ber 0-36 obtained from the experimental investigation.

30-2
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6. Energy flux and flow force
Energy flux

From the experimental evidence in I, a quasi-steady inviscid core flow of selective
withdrawal does exist as shown in figure 1. The total energy transport through
a given section is

2r o
E =J J pHwrdrdb, (6.1)
o Jo

where H is the Bernoulli quantity defined in (2.6) and the integration is to be
performed over any cross-sectional area. Since w is zero outside the flowing
core A, it is therefore sufficient to integrate over the cross-sectional area of the
flowing zone. Thus we have

8 ¥
E = 27rpj H %rllidr = 27p J‘ il () dyr = constant along the flow.
0 0

Evaluating the energy flux F upstream we have

8 2
’ p Q p
E = 21rpf0 (%Wﬁ—# Q§r2+7)9) Wrdr = pQ (W—F%QT‘,S}F—;}) ,  (6.2)

\

where p, is the value of p at the axis of rotation and ¢ = 762W, is the volume flux
through the sink. Tt is seen that, for given values of @ and Q,, the energy fluxisa
function of the radius 6, of the flowing core. For given @ and Q,, any radius for the
flowing core is possible but, for a certain radius b, the energy flux is a minimum.
The minimum occurs when 0E/26, = 0. On using (6.2) with p, being independent

of &, this yields
b3 = Q J2 or __Q_ = ___1_.
¢ mQ, 2rQ b8 2,27

The second relation in (6.3) is equivalent to B’ = 0-354. This value of R’ is quite
close to the experimental value 0-36 in I. This means that out of a whole class of
possible flowing cores, for given values of ¢ and Q,, only one radius will give a
minimum energy flux. The fact that (6.3) agrees with the experimental observa-
tion is significant since this verifies the very important principle that whenever
selective withdrawal occurs the flowing core tends to adjust itself such that the
flow possesses a minimum energy flux. Such a flow will now conveniently be
called a pseudo-critical blocked flow since it is not a critical flow in the usual
sense.

(6.3)

Flow force

We define on ps
8 =f f (p+ pw?) rdrdd, (6.4)
o Jo

where 8 is called flow force, being the sum of axial pressure force and momentum
flux. Since the flow force is constant in the present flow it can be evaluated up-
stream. At the upstream section we have

e
8 = 27Tpf (W§+%r2Q§+£pﬂ) rdr. (6.5)
0
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Setting the reference pressure p, at the axis equal to zero and integrating (6.5)
we obtain

8 = mp(Q*/m63 + 16, Q). (6.6)

For given values of @ and €,, the flow force is a minimum for a certain radius b,
of the flowing core. The minimum occurs when 88/d8, = 0; this yields

Q2 Q 1
3 _. —_
b=t * mOB I

Relation (6.7) is exactly the same as (6.3). Therefore, we conclude here that,
whenever selective withdrawal in a rotating fluid occurs, the flowing core tends
to adjust itself such that the flow possesses a minimum flow force as well as a
minimum energy flux.

(6.7)

Maximum discharge rate

There is another way of looking at the energy flux and the flow force. From
(6.2) for given values of E and €, the discharge rate @ is a function of the radius
0, of the flowing core. For given E and Q,, any radius of flowing core is possible
but, for a certain radius b,, the discharge rate is a maximum. The maximum
occurs when 9Q/25, = 0. On using (6.2) with p, remaining constant, this yields

B2 = Q\2/nQ,.

This is exactly the same as (6.3) or (6.7). Since (6.3) has been verified by the
experimental study in I, it follows that the flowing core tends to adjust itself such
that the low possesses a maximum discharge rate for given values of £ and Q.

Similary, from (6.6) it is seen that, for given values of § and Q,, any radius of
flowing core is possible but, for a certainradius b,, the dischargerate is a maximum.
The maximum occurs when 2Q/0d, = 0; this yields, from (6.6),

b2 = Q.27 Q,.

This again means that ¢ will take on its maximum value for given S and Q, when
(6.3) holds. It then follows that the flowing core tends to adjust itself such that
the flow possesses a maximum discharge rate for given values of § and Q,.

7. Blocking wave

The experimental observation in I actually carried out an initial-value problem
for a sink flow in a rotating fluid. It was observed experimentally that at a Rossby
number below the critical value the flow field, induced by a sudden start of dis-
charge at the sink, experiences several distinet stages during the course of each
run. At the initial moment the flow exhibits a feature of potential flow. It then
develops into a state of selective withdrawal with an inviscid profile of a lowing
core surrounded by an almost stagnant region. The flow reaches a quasi-steady
stateduring thisstage. An equivalent initial-value problem can now be stated. The
flow initially consists of a unidirectional flow in the negative-z direction with
uniform velocity W and uniform angular velocity Q, inside a circular cylindrical
tube of uniform radius. At the time ¢ = 0 a disk with a small hole in its centre
is inserted perpendicular to the flow such that the flow is blocked in the entire
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section of the tube except at the central hole, through which the fluid is dis-
charged like a sink flow; the strength of the sink is being maintained at a constant
value. It is known that a potential flow will be established immediately (see Lamb
1932, p. 11). In the meantime, it is expected that a large disturbance will be pro-
pagated upstream owing to this blockage if the original flow is subcriticalf
(i.e. W[(2Qb) < 0-261). An attempt to solve such an initial-value problem has
been made by Trustrum (1964) for a density-stratified flow, using an Oseen-type
approximation to the nonlinear inertial terms in the equations of motion. For
the problem of a stratified flow into a line sink, a blocked flow was found. Although
Trustrum’s large-time solutions seem to agree qualitatively with the observa-
tions made by Long (1956) and Debler (1959), her solution has some shortcomings.

Trustrum’s solution is to be questioned because of her Oseen approximation.
For the Oseen approximation to be valid, the velocity perturbation must be
much smaller than the free-stream velocity. Nevertheless, when blocking occurs,
the Oseen approximation is violated in her solution (i) near the sink or obstacle
all the time, and (ii) far upstream as a steady state is approached.

In the experimental investigation in I, some fluctuations of the flow field in
the initial stage have been detected, although no measurement has been made
of the details of the wave motion. From the experiment of sudden discharge at
the sink in I, a quasi-steady flowing core surrounded by a stagnant zone was
established at z = 9in. about 5-50 s after the sink discharge, depending on values
of @ and Q. Since disturbances thus generated travel at finite speeds, the flow
far upstream must still remain undisturbed. A sketch depicting the development
of the blocking wave is shown in figure 6 (b). Although the detailed structure of the
blocking wave is yet to be studied both experimentally and theoretically, the
existence of such a wave seems beyond any doubt. Since the wave motions in a
rotating fluid contained in a tube, density-stratified fluid flowing between hori-
zontal boundaries, and water in an open channel have strong similarities (see
Long 1954; Benjamin 1970; Veronis 1970) some phenomena in one physical
system can be analysed and understood in terms of the behaviour in the analogous
system. To understand the phenomenon of blocking waves in a rotating fluid it is
advisable to note here that analogous phenomena have been observed by Long
(1954, 1970) and previous investigators in open-channel and two-layer fluid
flow. The analogy is, in fact, quite striking. The following paragraph is essentially
taken from Long’s (1954) paper concerning the hydraulic analogy.

When a high obstacle is inserted in an initially subcritical open-channel flow,
the flow will become supercritical momentarily at the crest, although remaining
subcritical upstream and downstream. A steady state cannot be maintained, of
course, and a wave of elevation (which may break forming an upstream bore)
will progress upstream raising the upstream level sufficiently to permit a critical
condition at the crest. A steady state will ultimately be established with a lee
jump.

From the above description, it is seen that this wave of elevation propagating

t In a very recent paper, Long (1970) pointed out that in a two-fluid system the fluid

upstream may be disturbed even when conditions permit no infinitesimal disturbance to
progress upstream.
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Ficure 6. Development of the blocking wave and stagnant zone. (@) ¢ = 0+, potential

flow into a point sink. (b) At a later time, the blocking wave progressing upstream with
speed U, leaving a stagnant zone and a concentrated flow behind it.

upstream is analogous to the blocking wave shown in figure 6. A similar wave
of elevation had been observed by Long (1954) in a two-layer flow system. In
rotating or continuously stratified fluids, development of a vortex sheet is
permissible, and blocking is manifested in the form of stagnant zones in the flow
field. Thus, instead of raising the upstream level as in open-channel and two-
fluid flows, the front of the stagnant zone will progress upstream. Behind this
blocking wave, an almost steady pseudo-critical blocked flow as discussed in the
previous section will be established. Thus, after a sufficient time, a virtually
steady flow of selective withdrawal will be established as was observed experi-
mentally in I. It is seen that the flow upstream of the blocking wave is still in the
first stage of flow development (potential flow) as classified by the experimental
study in T while the flow behind the blocking wave should properly belong to the
second stage. Our aim here is to establish certain relationships between the
speed of this blocking wave packet and the parameters of the flow field and to
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explain certain phenomena observed in the development of selective withdrawal
in I.

In the following analysis it is assumed that the flow far downstream of the
blocking wave, as shown at cross-section 2 in figure 6 (b), is steady with uniform
axial velocity W, and uniform angular velocity Q, in the central core region of
radius 8, and zero axial velocity surrounding the core. The above assumption was
essentially verified by the experimental results in I.

Now, we define ar b
M= pf f wrdrdf,
0o Jo

where M is the mass flux through any cross-section. Since obviously the disk
cannot displace the fluid at 2 = + o0 when only a finite time has elapsed from the
start of the motion, conservation of mass requires M to be constant. Now con-
sider two cross-sections, one far upstream and the other far downstream of the
blocking wave as shown in figure 6 (b). Thus, between sections 1 and 2 we have

Wbt =W, 0% = Q/n. (7.1)
For 2z > 0 the equation expressing conservation of momentum is

M [at + 88 [ox = 0, (1.2)
where, as before, 8 is the flow force defined by

27 b
S=f0 f(p-i—pwz)rdrdﬁ. (7.3)
0

Since M is constant, (7.2) shows that the value of the flow forece S must be con-
stant everywhere for z > 0. Thus, we obtain between sections 1 and 2

B¢

0

b b
fo (pr+pWE)rdr :f (pz‘*‘PWg)Td"'f‘f Pyrdr = 8/2m, (7.4)
8
or, after using (7.1),

b
f y=p)rdr = pQUT,— )2 (1.5)

We now suppose that the blocking wave packet has been progressing upstream
for some time and that its speedt has reached a constant value U. Viewed from a
frame of reference moving with the blocking wave, the flow situation in 6 (b) is as
shown in figure 7. The upstream flow is then maintained with a uniform velocity
U + W, while the downstream flow consists of a concentrated flow at the central
portion with a uniform velocity U+ W and a uniform flow with a velocity U
surrounding the flowing core. The blocking wave (transition zone) now appears
stationary in this moving frame of reference, although some minor unsteady
fluctuations may exist there in actual flows. Whether the blocking wave will break
as it progresses upstream is yet to be investigated, although some evidence of
weak turbulence was indeed observed during the initial stage of development in

t The exact structure and behaviour of the blocking wave packet are yet to be investi-
gated. The wave packet is probably dispersive in nature; therefore, its speed is the average
value for the wave group.
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FicUre 7. Rotating flow relative to a co-ordinate system moving
with the blocking wave.

the experiments. As it turns out, some energy dissipation is indeed essential in
the transition region. This point will be discussed later in the section.

From either figure 6 (b) or figure 7 it is seen that radial convergence of the flow
field is induced as the blocking wave progresses. This leads to convergence of the
angular momentum, which is the reason why the angular velocities in the flowing
core during the second stage of selective withdrawal were observed to be substan-
tially higher than the basic rotation. Since the time required to establish the
second stage was quite short (5-50s) and the flow is essentially inviscid in nature
during this stage, it is seen that the ‘spin-up’ of the central core is almost entirely
due to the convergence of the angular momentum. In this respect it is quite
similar to the spin-up in a closed container (see Greenspan 1968, p. 35).

Now by considering the angular momentum in a control volume coinciding
with the stream tube BB~EE’ (see figure 7), the angular momentum flux at
sections 1 and 2 must be equal owing to conservation of the angular momentum
flux; thus we have

8 L
f QU+ W)rdr = f Q. r2(U+W)rdr. (7.6)
0 0

Since, from continuity along the stream tube, we have
(U+W)él=(U+W,)d, (7.7)

equation (7.6) then becomes Q62 = Q82 (7.8)
This means that the stream tube BB-EE’ is essentially a vortex tube and that
the strength along the vortex tube is constant.

Now we want to show why the angular velocity €2, at the central portion of
section 2 is uniform if the axial velocity W, is uniform there. Let 7, and 7, be the
radii of a stream tube in sections 1 and 2. From continuity along the stream tube,

wehave U+ W)= (U+Wyrg for 0<r,<3, (7.90)
(U+W)(r3—03) = U(rz—0%) for 6,<ry<b. (7.90)
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Fioure 8. Typical tangential velocity profiles: x, experimental data points for
Q,/Q = 2:30, R = 0-037; O, experimental data points for Q./Q = 1-97, R = 0-054,

We now assume that the angular momentum along the stream tube is conserved;
thus we have o
Vafg = vy7y = Qr}, (7.10)
where v, and v, are tangential velocities at sections 1 and 2, respectively. By
virtue of (7.9a), equation (7.10) becomes

vyfry = QU+ W)U+ W) for 0<r,<3, (1.11)

which yields on account of (7.7)
Vofry = Q03/55. (7.12)

Therefore, the angular velocity at the central portion of section 2 is indeed uni-
form. To get the tangential velocity in the outer region J, < 7, < &, we substitute
(7.95) into (7.10); thus we obtain

vy, 1 [1 —02

T R|1—ae

ot (73— 02) +§§)] , (7.13)
where 7, = 7,/b, 8, = 6,/b and 8, = 8,/b. In view of (7.8), equation (7.13) can also
be expressed as

v, 1]1-— (Q,/Q) 52
Q7

ooy Qox
o o (r§—8§)+§3§]. (7.14)

This result is independent of U. Thus (7.14) should still hold even if the tran-
sition region is unsteady. Equation (7.14) is now compared with the experimental

results. Two typical tangential velocity profiles from the experimental measure-
ments are shown in figure 8. With the ratio Q,/Q known from the experiments and
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Ficure 9. Advancing speed of the blocking wave »s. Rossby number.

J, determined from the experimental data, the tangential velocities in expression
(7.14) are also plotted in figure 8. It is seen that the agreement between the ex-
perimental data points and equation (7.14) is remarkably good. This verifies
indirectly that the flow model proposed in figure 7 is probably a valid one, and
that the assumptions made above are appropriate. It is also noted that the
tangential velocity in figure 8 is different from the Rankine vortex since the outer
portion is not a potential vortex.

Now we proceed to find the speed of advancement of the blocking wave packet.
From (7.7) and (7.8) we obtain

Q/Q = (U+W)/(U+W). (7.15)
On using (7.1), equation (7.15) becomes
Q,/Q = (U+1)/(U+8), (7.16)

where U = U[W,. We observe that Q,/Q is always greater than one since §2 < 1
(in fact 62 is usually much smaller than one). Since Q,/Q and 52 were measured in
the experiment, the values of U can thus be determined from (7.16). In the experi-
ment, the value of Q,/Q ranges from 1-746 to 2-843 while J, varies from 0-256
to 0-606. The values of U determined from equation (7.16) are now plotted in
figure 9. It is seen that the value of U/W,decreases as R increases, where the broken
linesin the figure indicate the general trend. With W, known from the experiment,
the values of U can then be determined. To compare U with the maximum group
velocity ¢, (= 0-522Qb) of the infinitesimal waves in a rotating tube, the ratio
Ulc, is now plotted in figure 10 (see Fraenkel 1956). It is seen that the majority
of points are centred around UJc, = 0-8. If we now use U =~ 0-8¢, (= 0-418Qb)
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Ficure 10. Ratio of the advancing speed of the blocking wave and the
maximum group velocity of the infinitesimal waves vs. Rossby number.

for the advancing speed of the blocking wave, then the time required for the block-
ing wave to travel a distance of 9in. can easily be estimated. We obtained
ty = 442/Q (in seconds). Thus, for Q = 0-079rad/s we have ¢, = 55-9s and for
Q = 0-817rad/s we have {, == 5-41s. It was observed in the experiment that the
time required to establish the second stage at z = 9in. was about 5s for Q = 0-817
rad/s and 50s for Q = 0-079rad/s. The fact that the time required to establish
the second stage at z = 9in. i3 so close to the time for the blocking wave to travel
such a distance indicates that the quasi-steady second stage at a certain position
is now established as soon as the blocking wave has passed through it.

We now note from figure 7 that the blocking wave packet is stationary in a
uniform upstream flow with velocity U + W. Therefore, the wave speed ¢ relative
to the medium should be U + W. Although W is small compared with U, in the
majority of experiments tlie correction is significant. Since W was measured
very accurately in the experiment, the values of ¢ are now calculated and the
ratio ¢/cy is plotted in figure 11. It is seen that the majority of c/c, values are
substantially greater than unity for B > 0-06. From the hydraulic analogy with
the open-channel flow (Long 1954, 1970), this indicates that the blocking wave is
nonlinear in nature and that the finite disturbance progresses upstream at a super-
critical speed. For B < 0-03, it is seen that the values of ¢/c, are substantially less
than unity. This seems to indicate that the behaviour of the wave for R < 0-03is
essentially linear in nature. A recentinvestigation (Pao & Kao 1972) of a point sink
flowin arotating fluid for small Rossby numbers, using linearized equations, shows
that waves of all modes are excited owing to a sudden flow discharge at a point
sink, and propagate at various speeds upstream. The nth mode 4, .J,(A,,7) of the
wave travels at a speed cyA; /A, where A, is the nth zero of J;(A). Thus the first
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Ficure 11. Ratio of the blocking wave speed and the maximum group velocity
of the infinitesimal waves vs. Rossby number.

mode A, Jy(A;7) of the wave is the fastest disturbance and travels at the maximum
wave speed ¢,. All higher modes travel at progressively slower speeds. Since the
linear theory is expected to hold for small values of R, it is seen from figure 11
that the linear theory is probably valid for B < 0-03. In this case the waves are
dispersive and an ever-lengthening transition region associated with the wave
group will develop. Then in the blocking wave model represented by figure 7 an
equivalent speed of the blocking wave group has been defined. For example,
for R = 0-02 we have ¢ ~ 0-8¢,. That means the wave group is essentially repre-
sented by the first few modes of dispersive waves with an equivalent speed of
0-8¢,.

Finally, a word about the energy dissipation in the transition region is in order.
The analysis in this section indicates that the angular momentum along the
stream tube in figure 7 is essentially conserved while the energy is not. In fact,
some energy dissipation is essential so that such a transition is possible. Other-
wise, a uniform rotating flow in a straight tube will remain uniform according to
equation (2.7).

8. Conclusions

From the present study, we draw the following conclusions.

(i) Based on the experimental observations, a theoretical flow model involv-
ing a surface of velocity discontinuity which separates thé central flowing core
from the surrcunding stagnant region is proposed. Indeterminancy arises for
various sizes of the flowing core. However, it is found that, whenever selective
withdrawal occurs, the flowing core tends to adjust itself such that the flow pos-
sesses a minimum flow force as well ag & minimum energy flux. Such a flow is
called a pseudo-critical blocked flow.
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(ii) For the physical flow of selective widthdrawal, a unique intrinsic Rossby
number R’ based on the properties of the flowing core is determined with a value
of 1/,/8, which agrees very well with the experimental value 0-36 obtained
in I

(iii) Based on the experimental observations a theoretical model involving
a blocking wave propagating upstream is proposed. It is deduced that for B > 0-06
the speeds of blocking waves are higher than the maximum group velocity
0:522Qb of the infinitesimal waves. In this case, the blocking waves are non-
linear in nature. However, for B < 0-03, the equivalent speeds of blocking waves
are lower than 0-522Qb. In this case, the waves are essentially linear and dis-
persive in nature.

The authors would like to acknowledge several helpful discussions with Pro-
fessor T. W. Kao of the Catholic University of America. This work was supported
by the Atmospheric Sciences Section, National Science Foundation, under
NSF Grants GA-23784 and GA-10825.

Appendix
By Tmoray W. Kao, The Catholic University of Ameriea

The method used by Kao (1965a, 1970) to construct a dividing streamline in
the flow of a stratified fluid in a channel of unit normalized depth (and used in an
analogous manner in the present paper) entails the introduction of a sink distribu-
tion on the end wall (i.e. on x = 0, between a < y < 1, where z is horizontal and
y 18 vertical) in addition to the two-dimensional point sink at the origin. In order
that the dividing streamline may serve as a free streamline on which the nor-
malized speed is unity in the interior of the flow field, the dividing streamline
must meet the end wall (x = 0) tangentially. A question arises as to whether
there are conditions on the sink distribution under which the tangency of the
dividing streamline to the end wall is assured.

It will now be shown that the dividing streamline will meet the line x = 0
at y = a tangentially if the strength of the sink distribution falls to zero linearly
at y = a and if the strength of the point sink relative to that of the sink
distribution is sufficiently strong in a sense that will be made explicit later.
On the other hand, if the strength of the sink distribution is finite at y = a,
such as in the case of a uniform sink distribution, there is a local singularity
of a logarithmic nature for the vertical velocity component ». In that case
the dividing streamline must meet the line x = 0 in a stagnation point in the inter-
val 0 <y < a. It will however also be shown that the logarithmic singularity is
felt only in a small neighbourhood of the point y = a, so that by letting the uni-
form sink distribution fall off to zero rapidly in a linear manner in a small
interval @ < y < a+ ¢, where ¢ is positive, the singularity is easily removed and
tangency at y = a is assured for a sufficiently strong sink at the origin. Thus for
calculational purposes the uniform sink distribution is adequate.

To examine the nature of the velocity at the point ¥ = @ one may first consider
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the following for two-dimensional potential flow in an infinite medium. Let a
sink distribution of strength m(y) be located on the line z = 0in

e<y<2—a (0<a<l).
The stream function is

1 (2-a x
—_ —1
v=gm| . montanc () an,
1 [2-e y—1
d -1 _Y=n 4
o v= 5, g

We shall presently introduce point sinks at y = 0 and 2. For this symmetric
sitnation about y = 1, we need only consider 0 < ¥ < 1. Now,on z = 0, v has a
logarithmic singularity at the point y = a if m(a) is finite. On the other hand, if
m(n) behaves like 9 —a around y = a the value of v is finite and positive there.

In the latter case the horizontal velocity component « is zero for z = 0 and
0 < y < a.Thus,if asink islocated at the origin and the magnitude of the velocity
vin the interval 0 < y < @ due to the point sink is greater than the corresponding
values due to the sink distribution, the dividing streamline must meet the point
y = a tangentially.

For a finite channel of depth normalized to unity, the arguments outlined above
remain substantially the same. These may be made more precise as follows. The
solution for a uniform sink distribution situated at # = 0 and alonga < y < 1is

®© 2 1
r=—y+ 3 (1_3) Sliz—lggexp (nmx)sinnmy (<0, 0<y < 1),
n=1 -

with v = ofrfox.

The differentiated series converges for all ¥ < 0. Direct computation of v at
y = a and |z| = 0-01, 0-001 and 0-0001 reveals the logarithmic singularity there
and gives v ~ |0-38log|z|| as « — 0, the radius of influence being of O(10-3).
(For stratified fluid the factor exp (nmz) is replaced by exp [(n2n? — F-2)t ], where
F is a Froude number whose value is greater than 1/m, but the nature of the
singularity is the same.) Now if the uniform sink distribution is allowed to de-
crease its strength linearly from y = a+¢ to y = a, where € is say of O(1072),
the flow field is unchanged for [x| > 0-01 and v approaches a finite positive
number as - 0 at y = a. A direct computation using the appropriate series
solution with @ = 0-23, ¢ = 0:02 and ¢ = 0-005 demonstrated the above result
giving » ~ 1-9 and 2-4 respectively as & — 0. Indeed by adjusting the value of
€, v can be made to take on different values. Therefore for practical calculation
the uniform sink distribution is recommended. A more refined calculation for
|| < 0-01 may subsequently be performed by letting the uniform distribution
to go to zero linearly at y = a. This refinement of course may only be carried out
at considerable expense of computation time since the series solutions converge
extremely slowly for small values of . Its execution is probably unwarranted
and may be omitted.
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